1. A synopsis of Hilbert space theory

Below is a summary of Hilbert space theory that you find in more detail in the book of
Akhiezer and Glazman. All the ideas are from this book.

Definition 1.1. Inner product space. An inner product space R is a linear space endowed
with a function (+,+) : R X R — C which has the following properties

a) (fyag+ Bh) =a(f,g9)+ B(f,h) all f,g,h € R and all ., beta € C,

b) (f,9) = (g9, [f) all f,g €R,

c) (f,f) >0 and0 only if f =0.

We set |[f]| = /(. f)-

A simple consequence is

Lemma 1.2. Schwarz.s inequality and triangle inequality. For every f,g € R we have
that

[(F )l < 1f gl (1)

and
1f+gll <A+ Ngll - (2)

Proof. We may assume that neither f nor g are zero and we may also assume that (f,g) # 0
for otherwise the inequality is obvious. Set

x=1 y_9
/1 Ml
and
6i¢ — (X7 Y) )
(X, Y)
The inequality is equivalent to
(X, V)| <1.

Now

0<[[e’X +Y[IP=24e7(X,Y) + (Y, X) =24 2|(X,Y)]
and likewise

0< X — Y|P =2 — e (X, Y) — (Y, X) = 2~ 2|(X,Y)]

from which the result follows. The triangle inequality is now a simple consequence of
Schwarz’s inequality, because

1F + gll* = 117 + gl + (f, 9) + (9. £) < WFIZ+ gl + 20 £ gl = (LA + Nlg ) -

Lemma 1.3. Parallelogram identity. For any two vectors f,g € R we have that

1 +gll> +11f = all* =2l FI1* +2]lg]* -
Proof. A simple computation. O
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Remark 1.4. Note that R endowed with the norm ||-|| is a metric space. The distance between
two vectors f, g is given by || f — g||. Hence we know what the open and closed sets are. A set
S C R is open if for any f € S there exists € > 0 so that the ball

B(f)={9€R:|f—ygl <e}

is a subset of S. A subset T C R is closed if its complement in R, T is open. The following
statement is easy to prove: A subset T C R is closed if and only if T' contains all its limit
points. More precisely, if f*) is any sequence in T which converges to some element f € R,
then feT.

Definition 1.5. Completeness. A inner product space is complete if for every Cauchy
Sequence f*) € R there exists f € R such that f*) converges to f.

Recall that the statement “f®*) converges to f” means that for any ¢ > 0 there exists a
positive integer N so that for all k > N, ||f*) — f|| < e. Also recall that the statement “f®*)
is a Cauchy Sequence” means that for any € > 0 there exists a positive integer N so that

If®) — O] < & for all k,£> N.

Definition 1.6. Hilbert space. A complete inner product space is called a “Hilbert” space
and we denote it by H.

A set C' C H is convex, if with f,g € C, Af + (1= AN)ge C forall 0 < X < 1.

Theorem 1.7. Minimial distance. Let C' be a closed convex subset of a Hilbert space 'H
and f € H arbitrary. There exists a unique vector h € C' such that

If = bl =d:=nf{|[f —gl: g€ C} .
Proof. By the definition of the infimum, for any positive integer n there exists ¢ € C such
that .
d<|lf =g <d+—.
Now for any positive integer n, m, by the parallelogram identity,
2 2
which can be rewritten as

(m)

f—g™  f—gm f—g™ f—yg
- 1? = 2IITIIZ+2HTH2

)
2
I+ 4= :

I

(m)

jp - I ey e
2 2

. . (n) 4 g(m)
Since C' is convex, % € C and

—_ q _ q(m)
2 f—9g 2 f—y 2
| ="+ 2=

Y

(n) (m) (n) _ 4(m)
g +g 2 g g 2 1 1o 1 L.,
P<||f-9 19 I 9 <A+ 2V 4 (d+ —
<l - e o e L e L L

o (m) _ ,(m)

g —gtm 111 1

<d(= 4 )b
| 2 I = <n + m) + 2n? + 2m?

Pick a positive integer N so that

1 1, 2 2
dd(=+ =)+ 5 +— <¢
n m n m

and we learn that whenever n,m > N,

lg™ — g™ <<
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Hence, ¢ is a Cauchy Sequence and since H is complete, there exists h € H so that ¢(™
converges to h. Because C'is closed, h € C. We have to show that ||f — h|| = d. This follows
easily, since

n n 1 n
d<|If =kl <If = g™+ g™ =kl <d+—+ g™ = hl|

Suppose now that hy, hy € C' are two vectors with

d=|[f—"hll=If—ho .
Then, again by the parallelogram identity
hy + hy hy — hy
- .

f—h
2

f—he

2
=2
2 =2 :

I+ 1 I+ 2| I =d*.

Hence
hi — ha

s
since % eC. O

hi +h
2=~ |l - 22 2 <0

Definition 1.8. Linear manifold, subspace A subset M C 'H is a linear manifold if it
is closed under addition of vectors and scalar multiplication. If a linear manifold G C H 1is
closed, then it is a complete inner product space, i.e., a Hilbert space. In this case we call G
a subspace of H.

We say that two vectors g, h are orthogonal or perpendicular to each other if (f,g) = 0.

Theorem 1.9. Orthogonal complement Let G be a subspace of H. Then for any f € H
there exits two uniquely specified vectors g and h such that f =g+ h, g € G and h L G, i.e.,
h is perpendicular to every vector in G.

Proof. The subspace G is convex (since it is linear) and closed. Hence there exists g € G so
that

If =gl = mf{||f —ul - ueG}.
We show that f — g is perpendicular to every vector in G. Pick v € GG and consider the vector
g + tv where t is an arbitrary complex number. Since g + tv € G we have that

& <|f—g—tl*=|f = gl* +1(f = g,w) + t(u, f — g) + [t|*[Ju]?
=d +1U(f = gu) +t(u, = g) +[t]]|ul
Hence we have for all t € C
t(f = g.u) +t(u, f—g) + [tPul* > 0.
Choosing t real positive we have that
R(f = g,u) +tlul> >0

and since t > 0 is arbitrary we find R(f — g,u) > 0. Likewise, choosing ¢ < 0 we find that
R(f—g,u) <0 and hence R(f —g,u) = 0. Next we choose t to be purely imaginary and find,
by a similar reasoning that S(f — g,u) = 0. Thus (f — ¢g,u) = 0 and since u € G is arbitrary
f—9g LG If f=g+ hy=gs+ hy are two such decomposition, we have that

g1 — g2 =hy—hy.
Because g; — g2 € G and hy — hy 1. G we must have that g, — go = 0 and hence h; = hy. [
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Definition 1.10. Bounded linear functionals A bounded linear function is a function
0 :H — C that satisifes ((f + g) = U(f) + €(g) for all f,g € H and l(af) = l(f) all f € H
and o € C. Bounded means that there exists a positive constant C such that

1O < ClAI
for all f € H.
Proposition 1.11. A linear functional is bounded if and only if it is continuous.
Proof. If ¢ is bounded then for any f,g € H
10(f) = Lg)| = [e(f = g)l < CIIf = gl

from which the continuity is an immediate consequence. Suppose now that ¢ is continuous.
This mean that for any € > 0 there exists § > 0 so that

[6(f) = t(g)] < e
whenever || f — g|| < 6. Hence, whenever ||f|| < ¢ then

[ <e.
Now, pick any f € H and consider
o f
g P —
2|71
Then ||g|| = $ < 6 and
2| f
) = )22
and hence 5
€
A< S IFIL-

O

Theorem 1.12. Riesz representation theorem For any bounded linear functional ¢ on a
Hilbert space H there exists a unique vector v € H so that

((f) = (v, f)
for all f € H.

Proof. Consider the set

G={feH: (f)=0}
This set is a subspace G of the Hilbert space H. Either the function ¢ is the trivial functional
in which case v = 0 or there exists g € ‘H with ¢(g) # 0. By the projection lemma there exists
a unique v 1. G and w € G such that ¢ = v+ w and £(u) = €(g) # 0. For f € H arbitrary we
have that ¢(f)u — ¢(u) f € G and by taking the inner product with u we find

() (u, u) = L(u)(u, f) =0

= (ff% (u, f)
and if we set L
v = f) u



we have that
f)= (v, f) forall feH.

If v1, vy are two such functions then

(Ul — Vg, f) = 0
for all f € H and hence v; = v,. O

We continue with an interesting topic that runs under the name “uniform boundedness
principle”. We deal with this in a different fashion than usual.
Consider a function

p:H—-R.
Recall tat p is continuous at f, € H if for any € > 0 there exist ¢ such that

e>p(f) —p(fo) > —¢

whenever || f — fo| < 0.
Note that the above definition has two parts: We say that p is lower semi continuous if
for every € > 0 there exists 6 > 0 so that

p(f) —p(fo) > —¢

whenever ||f — fo|| < J. It is upper semi continuous if

e > p(f) —p(fo)

whenever || f — fo| < 0.

It is easy to see that p is lower semi continuous if the set {f € H : p(f) > t} is open for
any t € R. Likewise, p is upper semi continuous if for all t € R the set {f € H : p(f) < t}.
In general, there is no reason why a lower semi continuous function is continuous but there is
an interesting exception.

Definition 1.13. Subadditive functions A function p : H — R is a seminorm if

a) p(f +g) <p(f)+plg)all f,geH

b) plaf) = lalp(f)
Clearly, p(0) = 0 and p(—f) = f. Hence, p(f) > 0 for all f € H since
0=p(0) =p(f = f) <2p(f) -

Note that p(f) is almost a norm, except that p(f) = 0 does not entail that f = 0. Note, that
the book calls such a function ‘convex’, which in its usual use has a different definition.
The following theorem is now of great interest. It is crucial that H is complete.

Theorem 1.14. Any lower semi continuous seminorm p : H — R is bounded, i.e., there is a
constant M such that

p(f) < MJ|f]] -
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Proof. Given an open ball in the Hilbert space, B,(f). We shall prove that p is bounded on
B,(f) if an only if it is bounded on the open unit ball, B;(0) centered at the origin. Assume
that p is bounded on By(0), i.e., p(g) < M for all g with ||g|| < 1. Pick any h € B,(f). This
means that [|f — Al < p or
f—nh
==l <T.

P

Hence Foh |
M > p(——) = —p(f —h)

p p

and for all h € B,(f)

p(h) =p(h = f+f) <p(h = f)+p(f) < Mp+p(f) .
Conversely, if p(h) < C for all h € B,(f), then for g € B;(0) we can write
_h=7
p

9

where f = h — gp. Now

h—f):p(f—h) < p)+ph) 20

P P P P
Assume that p is not bounded in B;(0). Hence it is unbounded on every ball. There exists
f1 € B1(0) such that

p(g) = p(

p(f1) >1.
Since p is lower semi continuous, there exists p; < 1/2 such that p(f) > 1 on the ball B, (f1).
Since p is not bounded on B, (f1), there exists fo € B, (f1) with p(f2) > 2. Again, since p is
lower semi continuous, there exists po < p1/2 so that p(f) > 2 on all of B,,(f2). Continuing
in this fashion we have a sequence of balls

By, (f1) D By, (f2) D Byy(fs) - -

with pr < pr—1/2 so that p(f) > k for all f € B, (fx). Since fj is a Cauchy Sequence and H
is complete, there exists f with limy_.. fx = f. Further, since f € B, (fi) for all k£ we have
that p(f) > k for all & which is not possible.

0

Remark 1.15. Let us look at the following ‘argument’ that does not use lower semi continuity:
Assume that p is not bounded in By(0). Hence it is unbounded on every ball. There exists
f1 € B1(0) such that

p(fl) >1.
Pick py < 1/2 so that B,,(f1) C B1(0). (Note, that we do not know whether p(f) > 1 for all
f € B,,(f1).)Since p is not bounded on B, (f1) there exists fo € B, (f1) with p(f2) > 2. Pick
p2 < p1/2 There exists fs3 € B,,(f2) with p(f3) > 3 and so on. We then have

By, (f1) D By, (f2) D Bpy(f3) -

and p(fr) > k. The sequence fy is a Cauchy sequence and hence converges to some f. Note
that we cannot say anything about the value of p(f).
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